Abstract. We prove a regularity result for Monge-Ampère equations degenerate along smooth divisor on Kähler manifolds in Donaldson's spaces of β-weighted functions. We apply this result to study the curvature of Kähler metrics with conical singularities and give a geometric sufficient condition on the divisor for its boundedness.
Introduction
Let M be a compact complex manifold of dimension n equipped with a Kähler form ω. In this paper we study the curvature of Kähler metrics on M \ D with cone singularities of cone angle 2πβ transverse to a smooth divisor D, where 0 < β < 1. This type of metrics were introduced by Tian [20] in the Kähler case and have recently become a key ingredient in the solution of the Tian-Yau-Donaldson conjecture about the existence of Kähler-Einstein metrics of positive curvature [3, 4, 5, 21] . Metrics with this type of singularity can be produced by using as local potentials functions in the space D 0,α w . Such spaces were introduced by Donaldson [8] and were denoted by C 2,α,β . In this paper we follow the notation of Jeffres, Mazzeo and Rubinstein [12] . A prototype for elements of D 0,α w is a function of the form f + |s| 2β , where f is a smooth function on M and, denoting by (L, h) the holomorphic line bundle associated with D equipped with a Hermitian metric, |s| 2 is the squared norm of a defining section for D. An intriguing and important aspect of this theory is the behavior of the Riemann curvature tensor near the singularity. This point has drawn the attention of many authors [2, 13, 19, 8] . Besides its clear intrinsic interest, a great motivation for finding a Kähler conical metric with bounded curvature lies in the fact that once this is achieved, existence theorems for a large class of important PDEs become much easier and, for example, solving a conical version of the Calabi Conjecture or Kähler-Einstein metrics can be done essentially relying on Yau's classical estimates, hence avoiding many of the deep difficulties overcome in the general case by Jeffres, Mazzeo and Rubinstein [12] . It is then very natural to ask whether there exist geometric conditions which guarantee the boundedness of the Riemann tensor at least for some conic metrics. Our first result is the following General existence results related to point (2) of the theorem above and conic Kähler-Einstein metrics with λ ≤ 0 follow by the work of Brendle [2] for β < 1/2, and Jeffres, Mazzeo and Rubinstein [12] for general β. Theorem 1.1 is in fact a corollary (using the mentioned fundamental works) of the following general regularity theorem for solutions of complex Monge-Ampère equations which is proved in Section 3. This result is likely to follow also from the theory developed in [12] but we give an elementary proof which we believe is of independent interest: Theorem 1.2. Let α, β ∈ (0, 1) with α < β −1 − 1, and let ω be a smooth Kähler metric on M . Assume there exist a real number k ≥ 2β − 1 and non-negative smooth functions u, F on M , with u constant along D, such that Of course D sits inside both M and in the restriction of L to D, which will be denoted from now on by L| D . In Section 3 we then show that under the hypothesis on the existence of biholomorphisms of neighborhoods of D (which in our paper will be referred to as the Grauert condition) in M and in L| D , a conical background metric with all the required properties does exist: (ii) the form (ω + i∂∂u) n vanishes exponentially along D, that is |s| −2k (ω + i∂∂u) n is positive on M \ D and extends to a smooth form on M for any k > 0.
Assume moreover that
(iii) for any β ∈ (0, 1) the form ω + i∂∂(u + |s| 2β ) defines a conic Kähler metric of angle 2πβ.
The relevance of the reference metric ω + i∂∂u rests on the exponential vanishing of its volume form along D. Indeed this is crucial for making the ratio |s| 2−2β (ω + i∂∂(u + |s| 2β )) n /ω n of class D 0,α w . In general this is not the case mainly for the presence of a summand of order |s| 2−2β (note that the function |s| 2−2β is not of class D 0,α w whenever β > 1/2). The existence of smooth divisors satisfying the Grauert condition is a classical problem in complex geometry and clearly imposes a strong restriction and it is likely to be not the optimal one (in fact S. Donaldson in a private communication proposed the slightly weaker condition of splitting as the optimal one to get boundedness of the curvature). At the end of the paper we briefly collect some of the known examples of Grauert divisors.
Preliminaries on conic Kähler metrics
Mainly to fix notation let us start by recalling some definitions. First of all we consider some classes of functions which are relevant for defining and studing conic Kähler metrics. Such classes have been introduced by Donaldson [8] and have been extensively studied by Jeffres, Mazzeo and Rubinstein [12] . Fix β ∈ (0, 1) and let K be the set of all positive integers less than 2 + 2β. Given k ∈ K, consider on C n the local change of coordinates z = ψ k (w), where
n ) is defined on the set Ω k consisting of points w satisfying arg(w n ) − kβπ 1+β < βπ 1+β and |w n | > 0. Note that ψ k is a biholomorphism onto its image, and that the images of ψ k as k runs in K cover C n \ {z n = 0}. Let α ∈ (0, 1), and let B ⊂ C n be a bounded open neighborhood of the origin.
where the functions f ij are in C α (B k ) and f in , f nj vanish at w n = 0. Note that C 0,α w and D 0,α w are denoted by C ,α,β and C 2,α,β respectively by Donaldson [8] (cf. also Rubsinstein [18] ).
Remark 2.1. The original definition of Donaldson's of the class C 2,α,β involves a 1-form ǫ which is only locally defined, precisely as the map ψ k . In our notation defining ǫ via the equation ψ * k ǫ =w n |wn| dw n , the equivalence between the two definitions follows by observing that a Hölder continuous function which vanishes at w n = 0 stay such after multiplying byw n /|w n |. For convenience of the reader we include here a proof of this fact, which implies both inclusions of the two function spaces applied in one case as stated, and in the second case replacing 
Proof. Hölder continuity of f yields |g(z
On the other hand, for all (z, w), (z ′ , w ′ ) ∈ Ω with w ′ = w and w ′ w = 0 one has
Note that by assumptions εb and w + εb are nonzero. By Hölder continuity of f one has
For the same reason and the fact that f (z, 0) = 0 one also has
Now consider the function ϕ on C \ {0, 1} defined by
so that one has
Hölder continuity of g will follow by showing that ϕ is bounded. To this end, passing to polar coordinates one has
whence it is clear that ϕ(re it ) ≤ 4 whenever cos t ≤ 0. On the other hand, the lower bound r 2 − 2r cos t + 1 ≥ 1 − (cos t) 2 together with the assumption cos t > 0 give the bound ϕ(re
Summarizing, we proved that ϕ ≤ 4. Substituting in (5) then gives
and the proof is complete.
The definition of classes C 
Now let ω be a smooth Kähler metric on M , and let L be the line bundle associated to D equipped with an arbitrary hermitian metric h. As one can easily check, any defining section 
is the Laplacian associated with the model metric ω β . The following fundamental fact is due to Donaldson. As hinted by Donaldson and proved by Jeffres, Mazzeo and Rubinstein [12, Proposition 3.3] , the previous result extends to general conic Kähler metrics as follows, using the definition of conic (edge) laplacian as in equation (14) of [12] . The behavior near the divisor of a function in D 0,α w can be conveniently described in terms of polyhomogeneous expansions as shown by Jeffres, Mazzeo and Rubinstein [12] . Although the next Proposition 2.6 might be deduced from their theory, we believe it is of some interest to include here a direct proof relying on standard facts. We remark that a key role in proving Proposition 2.6 (which in turn will be used in the proof of Theorem 1.2) is played by Lemma 2.7, which extends to the case β ∈ (0, 1) an auxiliary result proved by Brendle [2, Proposition A.1] assuming β < 1/2. 
∂zn is the absolute value of the derivative of V with respect to z β n .
Proof. As already noticed the key point if the following Lemma 2.7. Fix real numbers α, β ∈ (0, 1) such that α < β −1 − 1. Letf be a function of class C α on the unit disc B ⊂ C, and let v be a bounded function of class C 2 on the punctured disc B \ {0}. Suppose that v andf satisfy
on the punctured disc 0 < |z| < 1/6.
Proof. Let a = β −2f (0) and let
Sincef is α-Hölder continuous, there is a constant C such that for all α ′ < α one has
Substituting F and h in (9) gives
Since F is C 2 on the punctured disc, one gets a bound on the first derivative of F from Green's representation formula and a standard cutoff argument. More precisely, assuming 0
Thus F turns out to be of class W 1,2 on B 1/4 . Moreover, it follows readily from (10) that h is of class L p for all p <p, wherep = 2/(2 − 2β − α ′ β). Therefore, F is a weak solution of the Poisson equation (11) 
First of all note that by the arbitrariness of α ′ one can suppose without loss of generality that α ′ β = 1 − 2β. We therefore have the following dichotomy: either α ∂F ∂z
Substituting the expression ofp in the bound for γ gives that inequality above holds for any γ < α ′ β + 2β − 1. Thus the claim is proved thanks to arbitrariness of α ′ we started with.
Let V = F − bz with b given by the claim above. Clearly V satisfies the Poisson equation
Let 0 < |z| < 1/6, and let B ′ be the disc centered at z with radius |z|/2. Applying interior elliptic estimates to (13) on the disc B ′ yields
Sincef is α ′ -Hölder continuous, for all x, y ∈ B ′ one has
Substituting this in (14) together with the information given by the claim above yields (8) can be written in the form
By Proposition 2.4 there exists a functiong of class C α on B such that r.h.s. of (15) is equal tõ g(z 1 , . . . , z n−1 , |z n | β−1 z n ). Therefore, for any choice of (z 1 , . . . , z n−1 ), we are in the situation of Lemma 2.7. In particular, from its proof it follows that a(z 1 , . . . , z n−1 ) = β −2g (z 1 , . . . , z n−1 , 0) and b(z 1 , . . . , z n−1 ) =
. . , z n−1 , 0) whenever β ≥ 1/2, and they are zero otherwhise. Therefore it remains to show that b is of class C α under the assumption β ≥ 1/2. To this end, letṽ be defined by v(z) =ṽ(z 1 , . . . , z n−1 , |z n | β−1 z n ) so that b(z 1 , . . . , z n−1 ) = ϕ(z 1 , . . . , z n−1 , 0) where ϕ is defined by
By Proposition 2.4,ṽ is of class C 1,α and we already proved that a is of class C α . Thus for all (x, z n ), (y, z n ) ∈ B with z n = 0 one has
Now suppose that b is not of class C α . Then for any integer N > 0 there exist
Therefore for any fixed z n suficiently small one has
which contradicts (17) . This proves that b is C α and we are done.
Curvature of conic metrics
Fix real numbers α, β ∈ (0, 1) such that α < β −1 − 1. Let ω be a smooth Kähler metric on a complex manifold M , let D be a smooth divisor on M , and let be fixed a Hermitian metric on the line bundle L associated to D. Given a defining section s ∈ H 0 (M, L) for D, assume there exist a real number k ≥ 2β − 1 and non-negative smooth functions u, F on M , with u constant along D, such that (18) ω + i∂∂u n = |s| 2k F ω n .
Note that this condition is empty if β ≤ 1/2, for in this case one can take k = 0, u = 0 and F = 1. Assume moreover that Before proceeding further we need to introduce some notation. First of all let (z 1 , . . . , z n ) be holomorphic coordinates on M such that D has local equation z n = 0. Consider the local change of coordinates z = ψ(w), where
is defined on Ω ⊂ C n which is the intersection of an open neighborhood of the origin with the set consisting of points w satisfying 0 < arg(w n ) < 2βπ 1+β and |w n | > 0. Note that ψ is a biholomorphism on its image. Thus (w 1 , . . . , w n ) are local coordinates defined on an open set A ⊂ M \ D such that A ∩ D = ∅. This is important for we will be interested in the behavior of some functions around D. Note that by definition of conic metric, the local expression
is uniformly equivalent to the standard euclidean metric in these coordinates. Therefore Hölder continuity of the Riemannian curvature
will follows directly from Hölder continuity of partial derivatives of coefficients g µν . In particular Theorem 1.2 is a direct consequence of the following
w satisfy equation (20) , then
for any γ, δ ∈ {1, · · · , n}.
Proof. Let h be a local potential for the background conic metric ω 0 , so that one has ω 0 = n µ,ν=1 ∂ 2 h ∂wµ∂wν idw µ ∧ dw ν , and any coefficient
is of class C α on A. With these notations, taking the logarithm of (20) gives
Differentiating with respect to w γ yields
where ∆ φ and ∆ 0 denote the Laplacian with respect to the conic metrics ω φ and ω 0 respectively. 
for all w µ andw ν . Differentiating equation (24) with respect tow δ yields
As we did earlier, we postpone the proof of this Claim. Arguing as above one concludes that the complex hessian of
. Therefore differentiating by w µ andw ν gives the statement.
Finally it remains to prove the Claims. Let iΘ be the curvature of the Chern connection of the Hermitian line bundle L. Thanks to the identity
starting from (19) one calculates:
Clearly this defines smooth functions a j depending on Θ, ω + i∂∂u, and |s| −2 i∂|s| 2 ∧∂|s| 2 such that one has the expansion (27) ω
Since u is assumed to be constant along D, one has a 0 =
On the other hand, plugging (18) into (27) gives
The hypothesis on k implies k + 1 − β ≥ β, whence it follows that the r.h.s. of (28) In order to prove Theorem 1.1 we need the following
Proof Moreover we have
ω n which yields (31) with F Ω given by (33)
As we just observed in equation (29) in the proof of Proposition 3.1, the function log Again by the Lelong equation Θ + i∂∂ log |s| 2 = δ D , one then has
Thus (32) holds by
Let s ∈ H 0 (M, L) be a defining section of D. One can readily check by local calculations that Υ * h = |s| 2h for some positive smooth functionh on U , whence
Thus by (39) for any k > 0 letting The function u will be finally obtained by gluingũ together with a suitable function q which is ω-plurisubharmonic away from D. Clearly (i) and (ii) will hold for such a function u since these conditions are local around D and we proved above that they are satisfied byũ on U . Let
where η > 0 is a constant to be determined. Note that ω + i∂∂q > 0 on M \ D for all sufficiently small η. Choose r > 0 so that U r = {|s| 2 < r} ⊂ U . Perhaps taking η smaller, one can make q satisfying
On the other hand, since q goes to −∞ around D andũ is bounded, one can find r ′ < r such thatũ > q + η + η −1 on U r ′ . Now consider M η as in Lemma 4.1 and define u by
Note that we chose r, r ′ so that u = q around ∂U r and u =ũ around ∂U r ′ by Lemma 4.1. This fact together with smoothness of M η implies that u is smooth. By definition of u, we have to check the ω-plurisubharmonicity only on the set U r \ U r ′ . From the convexity of M η one gets the following lower bound:
On the other hand, by definition of q it follows that
where iΘ the curvature of the Chern connection of the Hermitian line bundle (L, h), whence
By ω-plurisubharmonicity ofũ and Lemma 4.1 it is clear that η can be chosen small so that ω + i∂∂u > 0. Now it remains to check (iii). On M \ D one has
whence is clear that s can be rescaled so that ω + i∂∂(u + |s| 2β ) > 0 for all β ∈ (0, 1). Indeed one can readily check that assuming sup M |s| 2 < 1 one has the bound β|s| 2β ≤ (−e log sup M |s| 2 ) −1 which does not depend on β. This concludes the proof. We can then ask when a divisor satisfies the Grauert condition, i.e. the property of having tubular neighborhoods U ⊂ M and V ⊂ L| D of D and a biholomorphism Υ : U → V extending the identity on D. The existence of such a divisor on a complex manifold is certainly a very restrictive one, generalizing the structure of a product manifold with D as one of the factors. In fact, since the seminal work of Grauert [10] , it has been clear that a subtle relation exists with the property of D being a splitting divisor in M whose definition is the following In a private communication, S. Donaldson has proposed the splitting condition as the optimal one for having conical metrics of bounded curvature. Our work is then a first step in confirming his prediction. Clearly the Grauert property implies the splitting one, and in fact it can be considered a splitting property "at infinite order" as nicely explained in the work of Abate-Bracci-Tovena [1] . An example of divisor satisfying the Grauert property is the exceptional divisor of the blow-up of C n at the origin. In this case D ≃ P n−1 and the normal bundle is the tautological line bundle O(−1), which coincides, as a complex manifold, with C n blown-up at the origin. Since the blowup of any smooth point in a manifold M is performed by gluing a neighborhood of such P n−1 , it follows that any exceptional divisor obtained by blowing-up a smooth point satisfies the Grauert condition. In general, in order to get the Grauert property one must look at the cohomology groups H 1 (D, T D ⊗ N −k ) and H 1 (D, N −k ) which are where the obstructions live [10] . The vanishing of the obstructions for all k > 0 gives an isomorphism between the formal completions of M and N along D. In order to get the existence of a biholomorphism Υ inducing such isomorphism, one has to impose some geometrical assumptions on D. In particular Grauert proved that the vanishing of H 1 (D, T D ⊗ N −k ) and H 1 (D, N −k ) for all k > 0 implies the Grauert property under the assumption that D is exceptional (i.e. it can be blown down to a point) and the normal bundle N is negative. Negativity of the normal bundle is not a necessary condition for a divisor to have the Grauert property. To see that consider the case when M is a projective space and D ≃ P n−1 is a hyperplane. The normal bundle is then O(1), which coincides, as a complex manifold, with P n \ {p} where p is any point not belonging to D. Thus is clear that D has the Grauert property. On the other hand, Morrow-Rossi [17] proved that a divisor of a projective space having the Grauert property is in fact a hyperplane. Finally, recalling that for a smooth complex curve in a surface are equivalent being exceptional, having negative self-intersection and having negative normal bundle, by Serre duality and standard application of Riemann-Roch Theorem one gets the following The list above is just as a source of nontrivial (i.e. not isomorphic to products) examples and is by far not an exhaustive list of known results. More information on the subject can be found in the work Abate-Bracci-Tovena [1] and references therin.
